Laser-cooled atoms that are trapped and optically interfaced with light in nanophotonic waveguides are a powerful platform for fundamental research in quantum optics as well as for applications in quantum communication and quantum information processing. Ever since the first realization of such a hybrid quantum nanophotonic system about a decade ago, heating rates of the atomic motion observed in various experimental settings have typically been exceeding those in comparable free-space optical microtraps by about three orders of magnitude. This excessive heating is a roadblock for the implementation of certain protocols and devices. Still, its origin has so far remained elusive and, at the typical atom-surface separations of less than an optical wavelength encountered in nanophotonic traps, numerous effects may potentially contribute to atom heating. Here, we theoretically describe the effect of mechanical vibrations of waveguides on guided light fields and provide a general theory of particle-phonon interaction in nanophotonic traps. We test our theory by applying it to the case of laser-cooled cesium atoms in nanofiber-based two-color optical traps. We find excellent quantitative agreement between the predicted heating rates and experimentally measured values. Our theory predicts that, in this setting, the dominant heating process stems from the optomechanical coupling of the optically trapped atoms to the continuum of thermally occupied flexural mechanical modes of the waveguide structure. Surprisingly, the effect of the high-Q mechanical resonances which have previously been observed in this system can be neglected, even if they coincide with the trap frequencies. Beyond unraveling the long-standing riddle of excessive heating in nanofiber-based atom traps, we also study the dependence of the heating rates on the relevant system parameters and find a strong R −5/2 scaling with the inverse waveguide radius. Our findings allow us to propose several strategies for minimizing the heating which also provide guidelines for the design of next-generation nanophotonic cold-atom systems. Finally, given that the predicted heating rate is proportional to the square root of the mass of the trapped particle, our findings are also highly relevant for optomechanics experiments with dielectric nanoparticles that are optically trapped close to nanophotonic waveguides.
INTRODUCTION
Small particles, such as laser-cooled atoms or dielectric nanospheres, are nowadays routinely trapped at submicron distances from solids. Structures currently investigated include photonic crystal waveguides [1] [2] [3] , optical nanofibers [4] [5] [6] [7] [8] [9] , single carbon nanotubes [10, 11] , dielectric membranes [12] , and even macroscopic prisms [13, 14] . The opportunities in research and application for systems combining atoms and solids are numerous, including the search for novel fundamental forces [15] [16] [17] [18] [19] , the implementation of quantum metrology and sensing using collective atomic state entanglement [20] , and integrated quantum memories for photons guided in nanoscale waveguides [21] [22] [23] . A rich toolbox is already available for the cooling, trapping, positioning, and probing of atoms and nanoparticles. However, not all techniques commonly used in free-space traps for manipulating trapped particles are compatible with the presence of solid structures in their immediate proximity: control laser beams, for instance, may be reflected or scattered in undesired ways. Moreover, additional effects such as van-der-Waals forces or coupling of the atoms or particles to thermal excitations in the solid have to be considered. Full control at the quantum level over the internal as well as external degrees of freedom of individual atoms coupled to a nanophotonic structure was achieved only recently [24] . A key challenge in this context is the heating of the atomic motion observed in these systems [25, 26] which can reach rates of several hundred motional quanta per second -about three orders of magnitude larger than in comparable free-space optical traps. Large cooling rates, realized for example by ultra-strong spin-motion coupling [27, 28] , are required to overcome the heating and to prepare atoms close to their motional ground state. In essence, the observed storage times of atoms in nanophotonic traps have fallen short of expectations, both for trapped cesium [2, [5] [6] [7] 9] and rubidium [8] atoms, ever since the first implementation of a nanofiber-based trap for laser-cooled atoms [4] . The origin of the strong heating and the corresponding low lifetimes has so far remained elusive. There is a range of conceivable causes, such as Raman scattering of the trapping light fields in the waveguide material [29] , Brillouin scattering [30, 31] , or Johnson-Nyquist noise [32] . Additionally, tapered optical fibers, as used for realizing nanofiber-based coldatom traps, exhibit thermally driven high-Q torsional mechanical resonances which have been considered as a likely candidate for explaining the large heating in these systems [33] . In contrast, optical traps that are based on the evanescent field above a prism surface seem to feature small heating rates which are compatible, for instance, with Bose-Einstein condensation of cesium atoms [34] . Indeed, even at room temperature, one does not expect thermally excited phonon modes of the macroscopic prism to contribute to the heating of the trapped atoms [35] . Here, we identify thermally populated flexural phononic modes of the nanoscopic waveguide as the dominant contributor to the large heating rates observed in nanofiberbased cold-atom traps. We give a concise description of the effect of mechanical modes on light guided in optical waveguides and provide a general theory of the resulting atom-phonon interaction in nanophotonic traps. Based on this formalism, we perform a case study for the cesium two-color nanofiber-based trap described in refs. [4, 25, 26] . Relying on independently measured system properties, we predict heating rates in excellent quantitative agreement with experimental observations. Surprisingly, the effect of the high-Q torsional mechanical resonances that have previously been observed in this system [33] can be neglected, even if they coincide with the trap frequencies. We then use our model to numerically and analytically infer the scaling of the heating rates with system parameters such as the mechanical properties of the fiber, its temperature, or the trap frequencies. This systematic analysis allows us to outline strategies for minimizing the heating, thereby suggesting a solution to a long-standing problem of nanofiber-based cold atom systems. Building on the agreement obtained in the case study, our quantitative formalism might be used for the faithful description of other nanophotonic cold-atom systems and, more generally, systems with small particles, such as dielectric nanospheres [36] [37] [38] [39] [40] [41] [42] , in close vicinity to hot solid bodies.
This article is structured as follows: In section I, we provide a general quantum theory describing atoms trapped in the optical near-field of a vibrating photonic structure. In particular, we derive the general form of the atomphonon interaction and discuss the resulting heating rates of the atomic motion. Section II is dedicated to a case study of heating rates expected in a nanofiber-based twocolor trap for laser-cooled atoms. In appendix A, we review the concept of photonic eigenmodes and summarize the modes of a nanofiber, while appendix B recapitulates the resulting forces acting on trapped atoms. In appendix C, we review quantized linear elastodynamics and summarize the phononic eigenmodes of a nanofiber. In Appendix D, we supply details on how to calculate the atom-phonon coupling constants based on the framework presented in appendices A to C. The parameters of the experimental setup considered in the case study are listed in appendix E.
I. ATOMS TRAPPED NEAR VIBRATING PHOTONIC STRUCTURES
Micro-and nanophotonic traps rely on the optical nearfields surrounding a photonic structure to spatially confine laser-cooled atoms in high vacuum. The optical fields are detuned from resonances of the atom such that they do not drive transitions between its internal (electronic) states. Confinement is achieved through gradients in the electric field that result in optical forces acting on the atom, analogous to free-space optical dipole traps [43] . In contrast to free-space setups, a dielectric photonic structure is used to pattern laser light in a way that creates local minima suitable for trapping atoms in the optical potential [44] . The light can either be guided by the structure such that atoms interact with the evanescent fields surrounding it [4, 5, [45] [46] [47] [48] [49] [50] [51] , or scattered by the structure [1, 2, 52, 53] , see appendix A. In either case a fraction of the light is absorbed, which can lead to a bulk temperature of the dielectric of several hundred kelvins due to the weak thermal coupling to its environment [54] . In consequence, mechanical modes of the photonic structure are thermally excited. These mechanical modes (phonons) are in turn coupled to the external (motional) state of trapped atoms through the optical forces and other forces acting between the atoms and the structure.
An individual atom trapped in the optical near-field surrounding a mechanically vibrating photonic structure suspended in high vacuum can be modeled by the HamiltonianĤ =Ĥ at +Ĥ phn +Ĥ at-phn .
(
The first term describes the dynamics of the trapped atom in the absence of phonons. Atoms are trapped at a distance of a few hundred nanometers from the surface of the structure because the near-fields decay on a scale given by the optical wavelength. At such distances, correctionŝ V ad to the optical potentialV opt due to surface effects like dispersion forces become relevant [48, 55] . Optical forces and dispersion forces are additive to first order [56] , hence the total potential experienced by the atom iŝ V 0 ≡V opt +V ad . While the potential in general couples all atomic degrees of freedom [24, 28] , we focus on scenarios without coupling of electronic and motional states and assume that the atom remains in the internal state it was initially prepared in. In this casê
where M is the mass of the atom,r is the position operator of its center of mass, andp is the corresponding momentum operator. The potential V 0 now depends on the internal state of the atom, see appendix B. It can be approximated as harmonic around a local minimum r 0 for an atom close to its trapped motional ground state. The atom Hamiltonian then simplifies tô
where i labels the three orthogonal symmetry axes of the potential in harmonic approximation, is the reduced Planck constant, andâ i andâ † i are ladder operators for the harmonic motion of the trapped atom. The trap frequencies are
where ∂ i is a spatial derivative. The second termĤ phn in eq. (1) describes the free evolution of the phonon field of the photonic structure. Vibrations at frequencies relevant to atom traps can be modeled by linear elasticity theory, because the corresponding phonon wavelengths are sufficiently large not to resolve the microscopic structure of the solid. Linear elasticity theory describes the dynamics of elastic deformations of a continuous body around its equilibrium configuration [57] [58] [59] . The deformations are described by the displacement field u, a real-valued vector field which indicates magnitude and direction of the displacement of each point of the body from equilibrium at a given time. A quantum formulation of linear elasticity theory can be obtained through canonical quantization based on phononic eigenmodes, see appendix C. The eigenmodes can be labeled by a suitable multi-index γ which may contain both discrete and continuous indices. In terms of ladder operatorsb γ andb † γ of the phonon field, the resulting phonon Hamiltonian iŝ
where the sum symbolizes an integral in case of the continuous index components.
The last termĤ at-phn in the Hamiltonian eq. (1) describes the coupling between the atomic motion and the phonon field. In order to obtain explicit expressions for the atom-phonon coupling, it is necessary to know how the potential experienced by the atom is changed by vibrations. Here, we give an overview of how this dependence can be modeled, while further details as well as explicit expressions for the resulting coupling constants in the case of a nanofiber-based atom trap are provided in appendix D. The coupling arises both because vibrations displace the photonic structure relative to the atom, and because they change the electromagnetic properties of the structure in two ways [60] : First, vibrations deform the surface of the structure, as determined by the displacement field u. Second, they locally change the refractive index and introduce birefringence (photoelastic effect), as determined by the strain tensor S. The strain tensor describes deformations of the solid and has components S ij ≡ ∂ i u j + ∂ j u i /2. Both effects modify the photonic eigenmodes and hence the optical trapping fields. The optical fields and surface forces adapt to changes caused by vibrations on a timescale that is fast compared to the motion of the trapped atom. We can therefore treat the total potential as a functional V [u, S](r) which, in the absence of vibrations, reduces to the potential V [0, 0](r) ≡ V 0 (r) included inĤ at in eq. (2).
Thermal vibrations only weakly modify the atom trap. In consequence, it is justified to expand the potential to linear order around u = 0 and S = 0, and approxi-
The first-order term is the functional derivative of V [u , S ], evaluated at (u , S ) = (0, 0) and in direction (u, S), see [61] . This term approximates phonon-induced variations of the potential and acts as the atom-phonon interaction HamiltonianĤ
Truncating the expansion at linear order corresponds to assuming that the atom only interacts with single phonons at a time. Since the potential depends on both displacement and strain, there are two contributions to the interaction Hamiltonian, a displacement coupling (dp) due to the direct dependence of the potential on u, and a strain coupling (st) due to the dependence on S:
Here, δ is the partial functional derivative [61] . The interaction Hamiltonian is linear inû andŜ because the functional derivative is linear. By expanding displacement and strain in terms of phononic eigenmodes, the Hamiltonian can thus be expressed in terms of a positiondependent, complex-valued coupling function g γ (r) for each phonon mode γ,
where g γ (r) = g dp γ (r) + g st γ (r). The coupling function g dp γ (r) derives from displacement coupling, and g st γ (r) from strain coupling.
Furthermore, we approximate the phonon-induced forces acting on a trapped atom as linear in the atom position by expanding eq. (6) to first order around r 0 . The interaction Hamiltonian then takes the form [62] 
where the coupling constants are
The length ∆x i ≡ /(2M ω i ) is the zero-point motion of the atom in the trap. The coupling constants quantify the interaction of each phonon mode γ with the motion of the atom in direction i. Analogous to the coupling function, there are contributions from both displacement and strain coupling, g γi = g dp γi + g st γi .
The variation of the optical potential caused by displacement can in general be modeled by perturbatively calculating the new photonic eigenmodes in the presence of shifted boundaries of the nanostructure [63] . The displacement has two effects: First, it shifts the photonic structure, together with the electromagnetic fields surrounding it, relative to the trapped atom. Second, it deforms the surface of the structure, leading to new photonic eigenmodes and thereby also deforming the electromagnetic fields. The first effect scales with the ratio between the displacement of the surface and the size of the atom trap (the extent of the wave function of the atom). The second effect, on the other hand, scales with the ratio between the displacement and the dimensions of the structure. Since the trap is typically at least one order of magnitude smaller than the photonic structure, see section II, we neglect the second effect and assume that both optical and surface potential are displaced as a whole together with the fiber surface [64] . This model is particularly useful for structures such as nanofibers which have a simple geometrical shape and highly symmetric mechanical modes. The resulting displacement coupling functions g dp γ (r) for a nanofiber-based atom trap in particular are given in appendix D.
Strain leads to changes in the optical potential through the photoelastic effect, which can be modeled by a straindependent permittivity tensor¯ [S] [33, 65, 66] . The modified permittivity is then in general neither homogeneous nor isotropic, and results in modified electric fieldsĒ surrounding the fiber and thus in a modified optical potential V opt [Ē] . In consequence, the total potential V [u, S] depends on strain. We neglect the influence of strain on the surface forces because they arise from the interaction of the atom with charges in a thin slice at the surface of the fiber and are largely independent of changes in the interior of the fiber [55] . The strain coupling function g st γ (r) can then be obtained by perturbatively calculating the new photonic eigenmodes in the presence of a modified permittivity, see appendix D.
Having obtained the Hamiltonian of the coupled atomphonon system, we can now describe the resulting evolution of the atomic motion. The cold atom can absorb kinetic energy from the thermally excited phonon field of the photonic structure (heating of the atomic motion). Provided that the atom-phonon coupling is weak compared to the trap frequencies and the coherence time of phonon excitations, the phonon field can be adiabatically eliminated. The effective evolution of the density matrix µ(t) describing the motional state of the atom is then governed by a master equation [67, 68] , see appendix D. Heating of the atom is reflected in the increase of the expected number of motional quanta n i (t) ≡ tr[μ(t)â † iâ i ] along a spatial direction i. The population grows linearly with heating rate Γ th i for sufficiently short times,
assuming that the atom is in the motional ground state at t = 0. The phononic eigenmodes supported by the photonic structure can feature both discrete and continuous frequency spectra. Discrete spectra are observed for phonon modes with a spacing in frequency that is larger than their damping rates. In contrast, if a set of modes has frequency spacings much smaller than their damping rates (e.g., because the mechanical excitation is efficiently transmitted from the structure to its suspension), the discrete mechanical resonances are no longer discernible, and the spectrum is effectively continuous. Hence, we distinguish the contribution Γ 
For continuous phonon modes, Fermi's golden rule can be employed to calculate the heating rate Γ c i [67] :
The sum runs over the discrete set of continuous phonon modes γ i that are resonant with the trap, ω γi = ω i . The thermal occupation of the resonant phonon modes
, where T is the temperature of the photonic structure and k B is the Boltzmann constant [69] . The phonon density of states is given by the inverse slope of the phonon dispersion relation (band structure),
, where p is the propagation constant along the fiber, see appendix C.
The discrete resonances have finite lifetimes, corresponding to decay rates κ γ , due to internal losses and non-zero coupling to the suspension. Adiabatic elimination of these discrete mechanical modes in general leads to the heating rate Γ d i given in eq. (D40) in appendix D [70, 71] . There are two limiting cases that will be of interest in section II: In case the atom trap frequency is smaller than the lowest-frequency phonon mode γ 1 , ω i < ω γ1 , and detuned from resonance, κ γ1 |ω i − ω γ1 |, the ground state heating rate of the atom is
In case the atom trap is resonant with a single phonon mode γ, κ γ |ω i − ω γ |, the rate is
where we have assumedn 1.
The theory of atom-phonon interaction outlined in this section applies to any optical atom trap that relies on a photonic structure to shape light fields. The explicit calculation of atom-phonon coupling constants requires modelling of the dependence of the potential that the atom experiences on the displacement and the strain caused by the mechanical eigenmodes of the structure. Once the mechanical modes and corresponding atom-phonon coupling constants of a particular structure are known, eqs. (13) to (15) , or more generally eq. (D40), can be used to predict the phonon-induced heating of the atomic motion. In the next section, we apply this theory to explain heating rates observed in nanofiber-based atom traps.
II. CASE STUDY OF NANOFIBER-BASED TRAP
Let us now use the framework sketched in section I to study the phonon-induced heating rates of the atomic motion in a nanofiber-based two-color atom trap. In particular, we consider a cesium atom trapped in the evanescent optical field surrounding a silica nanofiber [46, 48] . The nanofiber is formed by the waist of an optical fiber which has been heated and pulled [72] . There have been several experimental realizations of this nanophotonic atom trap configuration [4, 5, 7-9, 24, 26, 73] . We calculate atom heating rates for the setup described in [26] , where a measured heating rate of Γ th ϕ = 340(10) Hz in azimuthal direction was reported. In order to explicitly calculate the phonon-induced heating rates, it is necessary to know the mechanical eigenmodes of the nanofiber close to resonance with the trap frequencies, and to obtain the atom-phonon coupling constants. The latter requires knowledge of the trap potential as well as the photonic eigenmodes of the nanofiber. Appendix A summarizes the photonic eigenmodes of a nanofiber, and appendix B provides details on the resulting trapping potential. Appendix C summarizes the phononic eigenmodes. In appendix D, we derive the resulting atom-phonon coupling constants for a nanofiber-based trap. The parameters of the particular setup considered in this section are listed in appendix E.
Trapping of atoms is achieved by means of two lasers, one red-and the other blue-detuned with respect to the D lines of cesium. The lasers are guided as photonic HE 11 spatial modes in the nanofiber region, see appendix A. Figure 4 in appendix D shows the resulting trapping potential. The red-detuned laser is coupled into the fiber at both ends, leading to a standing wave that confines the atoms in axial direction and creates a one-dimensional optical lattice. The laser beams are linearly polarized when coupled into the fiber, which leads to quasi-linearly polarized fields with intensity maxima at opposite poles of the fiber cross-section in the nanofiber region [74] . The corresponding electric field profiles are listed in appendix E. Red-and blue-detuned field have orthogonal polarizations to obtain stronger azimuthal confinement [4] . There is an offset magnetic field , oriented perpendicular to the fiber axis (z-axis) along z B = cos(φ)e x + sin(φ)e y , with φ = 66
• . Atoms are initially prepared in the Zeeman substate F = 4, M F = −4 of the hyperfine structure, where the offset magnetic field provides the quantization axis. The magnetic field causes a slight azimuthal shift of the trap sites. Nonetheless, the symmetry axes of the potential at the trap minimum are to a good approximation aligned with the radial, azimuthal, and axial unit vectors of a cylindrical coordinate system whose z-axis coincides with the nanofiber axis. We can therefore use i ∈ {r, ϕ, z} for the atom trap directions in the atom Hamiltonian eq. (3). The resulting frequencies of the atom trap are (ω r , ω ϕ , ω z ) = 2π × (123, 71.8, 193) kHz.
An infinitely long nanofiber supports three phonon bands which do not have a cutoff at low frequencies: the torsional T 01 band, longitudinal L 01 band, and flexural F 11 band, see appendix C. The torsional band is linear and the longitudinal band asymptotically linear for low frequencies, with speeds of sound c t and c h introduced in appendix C, respectively. The flexural band has a quadratic asymptote. The dispersion relations describing these bands are
Here, R is the radius of the nanofiber. These three fundamental bands are the only candidates for phonon-induced heating of the atomic motion since all other bands have frequencies much larger than the trap frequencies. We model the L 01 and F 11 phonon bands as continuous even for a finite nanofiber, since there is currently no experimental evidence that these modes are reflected at the ends of the nanofiber used in [26] . The form of these two bands and the corresponding eigenmodes is determined by the mechanical properties of silica and the fiber radius alone. The wavelengths of the modes resonant with the azimuthal trap frequency, for instance, are 80.0 mm for the L 01 mode and 0.251 mm for the F 11 mode. In contrast, modes of the torsional T 01 band are reflected at the ends of the nanofiber [33] . The frequencies of the discrete set of T 01 modes confined to the nanofiber can be inferred from polarization fluctuations of the light transmitted through the fiber, and their decay rates are obtained from the linewidths in the spectrum of the fluctuations [33] . Frequencies and decay rates have been measured for this article in the same setup used in [26] . The mode of lowest frequency is at ω T = 2π × 258 kHz with a wavelength of 14.6 mm and a decay rate of κ = 2π × 48(1) Hz. The theory derived in section I allows us to calculate atom heating rates based on these physical parameters. The only parameter not provided by ref. [26] is the fiber temperature T . We choose the temperature such that the azimuthal heating rate Γ th ϕ observed in [26] is reproduced. Agreement with the measurement in ref. [26] is achieved for T = 805 K, which agrees well with the temperature of T = 850(150) K measured independently in [54] for a similar nanofiber at the given transmitted laser power. Heating in azimuthal direction is dominantly caused by resonant flexural F 11 modes. To our knowledge, this is the first time that a theoretical prediction of the atom heating rate, based on measured parameters and in quantitative agreement with measured heating rates, has been obtained. We are then able to calculate the phonon-induced heating rates of the atomic motion in radial, azimuthal, and axial direction, accounting for both displacement and strain coupling. The predicted heating rates are listed in table II, and the underlying atom-phonon coupling constants in table I.
The predicted heating rate for the radial degree of freedom is of a magnitude similar to the rate for the azimuthal degree of freedom. The calculated radial heating rate is Γ th r = 446 Hz, which agrees with the heating rate assumed in [25] to explain measured T 2 decoherence rates Table I . Atom-phonon coupling constants. Listed are the contributions of displacement (dp) and strain (st) coupling to the coupling constants. The displacement coupling constants g dp γi are calculated according to eq. (D6). The strain coupling constants g st γi are obtained from eq. (10) with the coupling functions listed in table XVI in appendix D. Coupling to modes on the continuous L01 and F11 bands is independent of the position of the trap site along the fiber axis. In contrast, the strain coupling constants to the discrete T01 modes depend on the position since the torsional modes form standing waves, see appendix C. Listed here are the maximal coupling constants; for radial motion, the coupling is maximal at the end of the nanofiber (z = 0, L), while it is maximal at the center of the nanofiber (z = L/2) for the azimuthal and axial motion. (13) and (14) . Contributions below 10 −4 Hz are indicated by ' '. The rates are independent of the position of the trap site along the fiber. The fiber temperature is assumed to be T = 805 K, the remaining parameters are specified in appendix E.
for nanofiber-trapped atoms. Heating along the radial axis, like heating in azimuthal direction, is dominated by coupling to the resonant flexural F 11 modes. The coupling constants in table I reveal that the coupling is due to displacement of the fiber surface, while coupling due to strain is lower by several orders of magnitude. A priori, both longitudinal L 01 and flexural F 11 modes couple to the radial motion by displacement. However, the flexural modes lead to much higher heating rates for two reasons: First, flexural modes displace the fiber surface by a factor of |w
more than the longitudinal modes which leads to larger displacement coupling constants. Here, w r F and w r L are the radial components of the displacement eigenmode for flexural and longitudinal modes, respectively. The quantity E is Young's modulus and ν is the Poisson ratio; together, they describe the elastic properties of the nanofiber. The quantity ρ is the mass density of the nanofiber, and ω r the radial trap frequency. The second reason is that the density of states of the flexural modes is larger than the one of longitudinal modes by a factor of ρ Fr /ρ L c h /(2ω r R) 100, and the heating rates are enhanced accordingly, see eq. (13) .
Heating in axial direction is predicted to be predominantly due to strain coupling to the resonant longitudinal L 01 mode, with a rate much smaller than the heating rates in radial and azimuthal direction. To the best of our knowledge, the heating rate in axial direction has not been measured so far.
One might expect heating by near-resonant torsional modes to be dominant because they are tightly confined to the nanofiber region, leading to Purcell enhancement of the coupling strength [69] . The strain induced by torsional modes causes a tilt of the quasi-linear polarization of the light fields, see fig. 7 in appendix D, which leads to coupling to the azimuthal motion of the atom in particular. In the present case, the contribution of torsional modes to the heating is negligible due to the large detuning between torsional mode and trap frequencies compared to the phonon decay rate. However, we can use eq. (15) with the coupling constants given in table I to obtain an estimate of the heating rates expected in case the torsional modes were resonant (e.g., in case the nanofiber was longer). In this worst-case scenario, the predicted contribution to the heating rate in azimuthal direction is Γ d ϕ = 0.913 Hz, while heating in the other trap directions is still below 10 −4 Hz, in spite of Purcell enhancement. For the hypothetical case that torsional modes were not reflected at the ends of the nanofiber, our model predicts even lower heating rates. Torsional modes are hence not a relevant source of heating in [26] , even if they are resonant with the trap frequencies.
In summary, the atom heating in radial and azimuthal direction observed in experiments is well explained by displacement coupling to the continuous F 11 band alone. In this case, eq. (13) simplifies to the single equation
where we have used that ω i k B T , such that the thermal occupation of the phonon modes isn i k B T / ω i . This simple formula agrees exceedingly well with calculations considering all phonon modes and both displacement and strain coupling. Figure 1 shows the dependence of the predicted heating rates in radial and azimuthal direction on individual parameters, keeping the remaining parameters unchanged. Most pronounced is the scaling with the nanofiber radius as Γ fig. 1a . The strong dependence on radius is mostly due to the increased Figure 1 . Atom heating rate in radial and azimuthal direction calculated using eq. (17) as function of (a) the nanofiber radius, (b) the temperature of the nanofiber, and (c) the power of the blue-detuned trapping laser. The difference between eq. (17) and the full theory eq. (12) is not discernible at the given scales. In figs. (a) and (b), all other parameters, in particular the trap frequencies, are unchanged. In fig. (c) , the ratio between the power of red-and blue-detuned laser is kept constant, P b /Pr = 14.24. The relation between total laser power and temperature is modeled as T (P ) = m0 + m1P + m2P 2 , with m0 = 400 K, m1 = 24 K/mW, m2 = −0.062 K/mW 2 based on the measurements in [54] for a nanofiber of radius R = 250 nm and length L = 5 mm. The temperature then varies from T = 427 K to 2298 K over the shown range of laser power. The trap frequencies simultaneously increase from (ωr, ωϕ) = 2π × (29.1, 23.9) kHz to 2π × (291, 168) kHz. The remaining parameters are specified in appendix E. mechanical stability of larger nanofibers which leads to smaller vibrational amplitudes, see eq. (C34), in addition to a lower density of states. In contrast, the dependence on the fiber temperature is linear, see fig. 1b , since the thermal occupation of the resonant phonon modes increases linearly with temperature. Comparison of fig. 1a and fig. 1b shows that increasing the nanofiber radius by 150 nm to R = 400 nm at constant temperature has an effect comparable to cooling the fiber down to room temperature if all other parameters of the setup could be kept unchanged. Figure 1c shows the dependence on the power of the blue-detuned laser, where the ratio of the power of the red-and blue-detuned lasers is kept constant. The temperature of the nanofiber increases with increased laser power since there is more absorption in the fiber [54] , see caption for details. Moreover, higher intensities lead to a tighter confinement of the atoms. The observed increase of the heating rate when raising the laser power is therefore caused by an increase of both the fiber temperature and the trap frequencies. While Young's modulus E also slightly changes with T [75] , the influence of this effect on the heating rate is negligible due to the weak dependence, Γ
Let us now discuss ways to reduce the atom heating caused by coupling to the continuous F 11 band. Lowering the overall fiber temperature in order to reduce the heating rates is difficult even in cryogenic environments, because thermal coupling of the fiber to its surroundings is very weak [54] . However, based on the above analysis, different strategies to minimize the heating rates are conceivable. First of all, the fiber radius should be chosen as large as possible while maintaining the optical properties required for atom trapping. A second approach is to create a resonator of length L for the flexural modes in the nanofiber region, thereby breaking the F 11 band into a discrete set of frequencies ω m , and to detune the atom trap from resonance with these mechanical modes.
To this end, it may be possible to optimize the taper at both ends of the nanofiber such that flexural modes are reflected and confined to z ∈ [0, L], while the transmission of light is unimpeded [76] . The flexural eigenmodes are then standing waves, see appendix C, with frequency spectrum
The heating rate in radial and azimuthal direction due to these flexural resonator modes then depends on the position z 0 of the atom along the fiber axis, see appendix D. Figure 2 shows the dependence of the heating rate on resonator length and trap frequency. Three regimes are clearly distinguishable: First, the trap is resonant with a flexural phonon mode. Second, the trap is off-resonant and lies below the fundamental resonator frequency. Third, the trap is off-resonant and lies above the fundamental resonator frequency. Assuming high thermal occupation of the phonon modes,n m 1, simplified expressions for the heating rate can be obtained for each regime. If the trap frequency is below the fundamental phonon frequency but still much larger than the corresponding decay rate, κ 1 ω i < ω 1 , as well as far detuned, |ω i −ω 1 | κ 1 , heating is dominated by off-resonant interaction with the fundamental phonon mode alone. In this case, the heating rate can be approximated as If the trap has a frequency larger than the fundamental resonator frequency, ω i ω 1 , while still being offresonant, |ω i − ω m | κ m , heating is mainly due to the low-frequency phonon modes below the trap frequency. Assuming in addition that the phonon decay rate is the same for all relevant modes, κ m κ, an upper bound for the heating rate can be obtained:
Here, we have replaced the sine in the coupling constant with 1 for all modes, pretending the atom is located at an antinode of all modes simultaneously as a worstcase estimate. This approximation is useful because in experiments many atoms at different sites along the fiber axis are trapped at the same time.
If the trapped atom is resonant with a flexural phonon mode m, |ω i − ω m | κ m , and the contributions of the off-resonant modes can be neglected, the heating rate is
The limiting expressions eqs. (19) to (21) are shown as dashed black lines in fig. 2 . Note that the dependence on decay rate and resonator length is inverted for offresonant heating, eqs. (19) and (20), compared to resonant heating, eq. (21). This is expected, since large phonon linewidths κ m assist off-resonant coupling, while small linewidths lead to a larger resonant enhancement. Small resonator lengths L lead to higher coupling constants (Purcell enhancement), which increases resonant heating due to a single mode. In contrast, large resonator lengths result in a higher number of low-frequency modes and hence overcompensate the decrease in coupling strength and increase the heating due to off-resonant interaction.
In fig. 2 , we exemplarily assume a decay rate of κ m = 2π × 1.2 Hz for all relevant flexural modes. This corresponds to a quality factor of ω r /κ m = 10 5 at the frequency of the radial trap. Quality factors of this magnitude have been achieved for silica microspikes by optimization of the shape of the taper [76] . Figure 2a shows that a decrease of the radial heating rate below the value expected without a resonator for flexural modes (see table II) is predicted for resonator lengths L 3 mm. A length of L = 50 µm to the very left of fig. 2a can still be achieved for nanofibers, the calculated heating rate due to flexural phonon modes with the given decay rate is then as low as 0.1 mHz. Figure 2b assumes a resonator length of L = 600 µm, achieving heating rates of around 1 Hz, and shows the dependence on the trap frequency. The spacing between resonances is on the order of 2π × 50 kHz, which would indeed render it possible to detune the radial and azimuthal trap from resonance.
These findings suggest that it may be possible to significantly reduce the heating rate of atomic motion in nanofiber-based traps by two orders of magnitude or more through optimization of the phononic properties of the fiber.
CONCLUSION
In this article we formulated a general theoretical framework for calculating the effect of phonons on guided optical modes and the resulting heating of atoms in nanophotonic traps. Our results are applicable to nanophotonic cold-atom systems [44] and can readily be extended to the heating of dielectric nanoparticles trapped close to surfaces [3, 12] . In a case study for the example of cold cesium atoms in a two-color nanofiber-based optical trap, we predicted heating rates of the atomic center-of-mass motion which are in excellent agreement with independently measured values [25, 26] . In this system, the dominant contribution to heating stems from thermally occupied flexural modes of the nanofiber. We find that the heating rate scales with the fiber radius as R −5/2 . As a general design rule, this implies that structures of larger lateral dimensions are preferable regarding heating, albeit at the expense of smaller mode confinement and, hence, potentially lower atom-photon coupling strength. Given the fact that the heating rate is directly proportional to the temperature of the nanophotonic structure, reducing the absorption losses of the guided trapping light fields is advisable [77] . Moreover, heating is expected to decrease for smaller trap frequencies, Γ ∝ √ ω. In general, our case study shows that careful design of the phononic properties of the nanophotonic system and, in particular, of its mechanical resonances is an effective strategy for reducing the heating. Finally, by providing a coherent theoretical framework in a single source, our work is instrumental in calculating, understanding, and managing heating in a plethora of nanophotonic traps.
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Appendix A: Photonic Eigenmodes
The potential experienced by an atom in a nanophotonic trap crucially depends the optical fields surrounding the photonic structure. The dynamics of optical fields in the presence of non-absorbing matter is well described by the macroscopic Maxwell equations. In conjunction with linear response theory, they allow to model materials using the relative permittivity and permeability tensors, and µ, respectively [78] . In this article, we consider dielectric materials that are not magnetizable (µ = 1). Motion and vibration of the dielectric can be modeled as a change of over time, provided this change happens on a timescale long compared to the frequency of electromagnetic radiation in the optical regime. With this in mind, we choose a description of the optical fields in terms of photonic eigenmodes [79] , which lends itself well to a perturbative treatment of the effect of a modified permittivity on the optical fields [80] as discussed in appendix D.
After reviewing photonic eigenmodes in general, we describe the eigenmode structure of a nanofiber, approximated as a homogeneous step-profile circular optical waveguide [80] [81] [82] .
Photonic Eigenmode Equation
Consider a dielectric body in three dimensions. The body may be inhomogeneous and anisotropic, so its relative permittivity is a position dependent tensor of second order. We assume that the permittivity is independent of frequency in the relevant interval, real-valued, symmetric, and positive definite. In the vacuum outside the body = 1. We are interested in the dynamics of the electromagnetic fields E and B surrounding and permeating the dielectric. We express the electromagnetic fields through potentials, and follow [83] in choosing the Coulomb gauge for the vector potential A
Here, the juxtaposition of tensor and vector (or, more generally, of two tensors) indicates the maximal contraction,
In the absence of free charges, the electromagnetic fields can be represented solely through the vector potential, E =Ȧ and B = ∇ × A. The macroscopic Maxwell equations reduce to
where D ≡ −∇ ×[∇ × · ] is the double curl operator, each dot represents a time-derivativeȦ = ∂ t A, and c is the vacuum light speed. In order to find solutions, one solves eq. (A2) outside and inside the body separately, and then uses continuity conditions to match the solutions at the interface: The magnetic field B as well as the electric field component E × n orthogonal to the surface normal n are continuous across the surface. Normal to the surface, ( E) · n is continuous instead. Eq. (A2), together with the continuity conditions and the requirement that solutions be square integrable to ensure finite electromagnetic energy, has a unique solution given suitable initial conditions [78] . The above problem can be further reduced to an eigenvalue problem [79, 83, 84] , which will be useful for describing phonon-induced perturbations of optical fields in appendix D. To this end, consider the generalized eigenvalue equation for photonic eigenmodes a η ,
with the additional transversality constraint eq. (A1). The eigenmodes are labeled by a suitable multi-index η which may contain both discrete and continuous indices. They span a subspace, characterized by eq. (A1), of the space of square-integrable functions [83] . The eigenvalues ω 2 η /c 2 are real and positive, since (−D) acting on that space is a self-adjoint, positive semi-definite operator, and is a positive definite operator [79] . For the same reason, different eigenmodes are orthogonal with respect to the measure (r)dr, and we assume that they are normalized according to
For discrete indices, δ is the Kronecker symbol, while it is the delta distribution for continuous indices. Any solution to Maxwell's equations can then be expanded in terms of eigenmodes of well-defined frequencies [85] ,
where the coefficients α η ∈ C are obtained from the initial conditions. We define modal fields of the electric and magnetic field as
for convenience, such that
The problem of solving Maxwell's equations in the presence of a dielectric body has therefore been reduced to finding the photonic eigenmodes a η of that body. Although it is sufficient to treat the optical fields classically for our purpose, note that such a description is also suitable for canonical quantization of the electromagnetic field in the presence of lossless media [83, 84] .
Photonic Fiber Eigenmodes
We now consider an optical nanofiber in vacuum, modeled as a cylinder of radius R, infinite length, and homogeneous and isotropic permittivity = 1. As the eigenmodes of such a fiber and their spectrum are well known [80] [81] [82] 86] , we limit the discussion to their salient properties and list explicit expressions for the electric and magnetic modal fields as well as their dispersion relations.
We choose cylindrical coordinates (r, ϕ, z), with x = r cos ϕ, y = r sin ϕ, and the z-axis coinciding with the fiber axis. We do not solve the generalized eigenvalue equation eq. (A3) directly in order to obtain the eigenmodes of the vector potential. Instead, we remain on the level of electric and magnetic fields and solve the macroscopic Maxwell equations for constant permittivity in the spectral domain,
Here, v ≡ c/ √ inside the fiber, and v is replaced with c outside the fiber. Eq. (A8) can be solved in vacuum and in the dielectric separately. Both sets of solutions are then matched on the fiber surface according to the continuity conditions given above to find the modal fields e η and b η . The eigenmodes a η can be obtained by inverting eq. (A6). The first step is to solve eq. (A8) in the presence of an infinite isotropic medium of arbitrary homogeneous relative permittivity > 0 (including vacuum = 1 and dielectric > 1). The solution space is spanned by electric and magnetic fields of the form
The propagation constant k ∈ R labels continuous excitations along the fiber axis, and the azimuthal order m ∈ Z discrete excitations in azimuthal direction. The radial partial waves E and B depend on the magnitude of the frequency ω compared to the light line ω v ≡ v|k| (v = c for = 1), and are given in (see table IV) , and solutions outside the fiber have primed amplitudes A , B , C , D . At most two of these eight amplitudes are not fixed by the continuity conditions and the requirement that the modal fields be bounded, corresponding to one or two independent mode families. The eigenmodes have markedly different properties depending on how their eigenfrequency ω η compares to the vacuum light line ω c ≡ c|k| and the dielectric light line ω v ≡ v|k|. We distinguish three cases: Modes with frequencies above the vacuum light line are radiative modes, and modes with frequencies between the vacuum and dielectric light line are fiber guided modes. Modes on the vacuum light line are weakly guided (they decay polynomially away from the fiber surface). On the dielectric light line and below, ω v ≥ ω η , no modes can exist [86] .
Radiative modes are distinguished by ω η > ω c . The modal fields e η , b η have radial partial waves given by case (1) in table IV both inside and outside the fiber, with amplitudes listed in table V. There are two independent amplitudes, which implies two mode families can be distinguished. In defining these mode families, special care has to be taken to ensure they are orthogonal according to eq. (A4), see [86] for details. Radiative modes are not confined to the fiber, but permeate all of space. In consequence, their excitation spectrum in radial direction is continuous, that is, for each (m, k) any eigenfrequency ω η > ω c is admissible, and a continuous index is required to label them. A possible choice is the radial constant a, which is real-valued and positive for radiative modes. The dispersion relation of radiative modes is hence
and they form a continuum above the vacuum light line in the (k, ω)-plane, as shown in fig. 3 . fig. 3a . The bands can be labeled by a band index n ∈ N, starting from n = 1 for the band of lowest frequency, and increasing in frequency with n. The modal fields of TE and TM modes have the following symmetries with respect to the propagation constant:
where we have dropped all constant mode indices.
case solution band amplitudes
band amplitudes For higher azimuthal excitations |m| ≥ 1, both electric and magnetic field have longitudinal components and there is only a single hybrid mode family. The resulting bands, shown in figs. 3b and 3c, derive from the frequency equation
with parameters defined in table III. There are, however, two subclasses of modes, called HE and EH, distinguished by the asymptotes of their bands as |k| → ∞. Each band of HE (EH) modes asymptotically approaches a root of the Bessel function of first kind J m−1 (aR) (J m+1 (aR)), and the electric (magnetic) field has a longitudinal component of significant magnitude compared to its transverse components [80, 82] . As the propagation constant k is the only continuous index for guided modes, the orthonormality condition eq. (A4) in conjunction with eq. (A6) reduces to a normalization condition for the electric radial partial waves:
The modal fields of HE and EH modes have the following symmetries with respect to the azimuthal order m and propagation constant k:
where σ, σ = ±1. Weakly guided modes with frequencies on the vacuum light line, ω c = ω η , appear where bands of guided modes cross over into the radiative continuum. Inside the fiber, the radial partial waves of the modal fields are given by case (1) listed in table IV (since ω η > ω v ). Outside the fiber, they are given by case (2), with = 1 and therefore replacing α with β, see table III. The corresponding amplitudes are listed in table VII. The modal fields decay polynomially outside the fiber, as limiting case between oscillatory behavior and exponential decay. The frequency equations on the vacuum light line, listed in table VIII, mark the cutoff frequencies below which a band of guided modes ceases to exist. The cutoff frequencies are indicated by solid dots in fig. 3 .
In summary, guided modes can be labeled by mode indices
It is customary to name guided bands as f |m|n . At m = 0, there are then TE 0n and TM 0n bands, and at |m| ≥ 1 there are HE |m|n and EH |m|n bands. For a given azimuthal order m, the HE and EH bands alternate, with the HE |m|1 band of lowest frequencies, see figs. 3b and 3c. At sufficiently low frequencies, only the HE 11 band is guided, while all other bands merge into the radiative continuum (single-mode regime), compare fig. 3b to figs. 3a and 3c. These low-frequency HE 11 modes are used as trapping fields in nanofiber-based cold-atom traps.
Appendix B: Atom Trap and Motional States
In the first part of this appendix we summarize how to obtain the optical and surface potentials experienced by an atom trapped close to a photonic structure. In the second part, we discuss under which conditions the potential can be approximated as harmonic in case of a nanofiber-based atom trap.
Trapping Potential
The internal and external dynamics of an atom trapped close to a photonic structure is governed by the HamiltonianĤ
in the absence of vibrations of the structure. Here,Ĥ int describes the internal state of the atom and the remaining terms were introduced in section I. The internal hyperfinestructure states of the atom can be labeled by the eigenvalues of a suitable set of commuting operators, for instance |λ ≡ |nSLJIF , where n is the principal quantum number, S is the electron spin, L is the electron orbital angular momentum, J is the total electronic angular momentum, I the nuclear spin, and F the resulting total atom angular momentum [87] . The optical trapping fields are detuned from resonance with the atom, such that they do not excite the atom from the electronic ground state. Instead, both light and surface effects lead to a slight mixing (dressing) of the internal eigenstates |λ of the atom [67] . The new, dressed eigenstates have energies shifted by an amount typically much smaller than the splitting between hyperfine-structure levels of different F . The dressed eigenstates are therefore very similar to the bare eigenstates |λ and can be labeled using the same quantum numbers. Gradients in the light intensity then lead to position-dependent light shifts, which act as an optical potential for the center of mass and thus allow trapping of the atom [43] . Both optical and surface potentials depend on the internal state |λ of the atom because the electric polarizability of the atom is state-dependent [55, 87] . Moreover, the atom-light interaction can couple internal and motional states [24, 28] . We focus on scenarios without coupling of internal and motional states, such that the potential operatorsV opt and V ad are block-diagonal in the dressed hyperfine-structure levels:
The motion of the atom in the trap is thus governed by the HamiltonianĤ
in each subspace of the Hilbert space with fixed internal state |λ . Energies are measured relative to the energy λ|Ĥ int |λ of the internal state, and V 0 ≡ V opt,λ + V ad,λ is the total state-dependent potential. In two-color traps in particular, two monochromatic light fields are used, tuned in opposite directions away from the resonance frequency of the atom [48] . The red-detuned field attracts the atom towards the surface of the nanophotonic structure. The repulsive blue-detuned field has a shorter decay length and dominates closer to the surface, keeping the atom at a distance. If the two light fields are sufficiently far detuned, interference between them is negligible and the optical potential is the sum of the individual contributions V r opt
and V b opt of the red-and blue-detuned field, respectively. The total state-dependent potential is then
where we have dropped the index λ from notation. Figure 4 shows an example of how these three contributions combine to a three-dimensional trapping potential close to an optical nanofiber. The optical potential V opt created by each monochromatic light field E(r, t) = E 0 (r)e −iωt + c.c. of frequency ω can be expressed in terms of a scalar, vector, and tensor light shift [87] ,
We assume that there is a homogeneous magnetic offset field B ext = B ext z B applied along the unit vector z B , which induces Zeeman splitting of the hyperfine structure. The internal dressed eigenstates of the atom are then the Zeeman substates |λ = |ξF M F , provided the magnetic field is sufficiently strong to avoid mixing of the Zeeman substates by their relative light shifts. Here, |ξ = |nSLJI is the fine-structure state, and M F is the magnetic quantum number of the total atom angular momentum with respect to the quantization axis z B . The scalar light shift is
with a scalar polarizability α s that depends only on its fine-structure state |ξ . The vector light shift is [87] 
The vector polarizability α v of the hyperfine-structure Zeeman substate |λ can be obtained from the vector polarizabilityα v of the fine-structure state |ξ :
The tensor light shift is
where E z B 0 = E 0 · z B , and the hyperfine-structure tensor polarizability α t is related to the fine-structure tensor polarizabilityα t by
Here, {·} is the Wigner 6j symbol. The fine-structure polarizabilitiesα s = α s ,α v , andα t can be calculated from experimental data [87] . At atom-surface separations realized in nanophotonic traps, surface effects are limited to dispersion forces [88] . The dispersion force between solids and atoms strongly depends on both geometry and material. Its effect can be modeled by the nonretarded Casimir-Polder potential for a two-level atom in the ground-state, located in the vicinity of a dielectric object [55] . In the case of a nanofiber-based trap, it is sufficient to model the fiber as a dielectric half-space [48, 74] , although the potential for an atom close to a dielectric cylinder can in principle be calculated analytically [48, [89] [90] [91] . The potential is then
The parameter C > 0 can either be obtained experimentally [92] , or calculated from the electromagnetic properties of the material [55, 89, 93, 94] .
Harmonic Trap Approximation
A quadratic atom-phonon interaction Hamiltonian [95] can be obtained by approximating the trapping potential as harmonic for atoms close in energy to the motional ground state. In case of a nanofiber-trapped atom in particular, we choose cylindrical coordinates to describe the motion of the trapped atom. The Hamiltonian eq. (2) describing the motion of the atom in the trap in the absence of vibrations is then
wherer = (r,φ,ẑ) is the position operator of the atom, and (p r ,p ϕ ,p z ) are the components of the momentum operator. We expand the potential to second order around the local trap minimum r 0 . The corresponding motional frequencies of the atom with respect to the coordinates (x r , x ϕ , x z ) ≡ (r, r 0 ϕ, z), are
where i, j ∈ {r, ϕ, z}. The cross-derivatives of the potential may be non-zero, since the symmetry axes of the potential are in general not aligned with the coordinate axes (for instance when the magnetic offset field breaks the cylindrical symmetry of the setup). The Hamiltonian eq. (B11) then describes harmonic motion of the atom in each direction around the trap minimum, provided ω ij = 0 and given that the trap is far from the fiber axis compared to its size: ω r /(2M r 
where x i 0 is the position of the trap minimum, and (∆x r , ∆x ϕ , ∆x z ) ≡ (∆r, r 0 ∆ϕ, ∆z) is the zero-point motion of the atom in the trap as defined in section I. If ω ij = 0, there is additional cross-coupling between the motional modes of the atom, with coupling constants
where we measure energies relative to the depth of the trapping potential, V 0 = V (r 0 ). The Hamiltonian can always be diagonalized [96] , and hence simplifies to eq. (3) after dropping the constant zero-point energy.
Appendix C: Phononic Eigenmodes
Vibrations of the photonic structure in a nanophotonic cold atom trap alter the optical fields surrounding the structure. This variation leads to an interaction of the vibrations and the trapped atoms, as discussed in detail in appendix D. Vibrations at frequencies relevant to nanophotonic traps can be modeled by linear elasticity theory, because the corresponding phonon wavelengths are sufficiently large not to resolve the microscopic structure of the solid. Linear elasticity theory describes the dynamics of elastic deformations of a continuous body around its equilibrium state [57] [58] [59] . The deformations are described by the displacement field u, a real-valued vector field defined on the domain of the body. The displacement field indicates magnitude and direction of the displacement of each point of the body from equilibrium at any given time.
Our objective is to provide a quantum description of the vibrations (in terms of a phonon field) and of the atom-phonon interaction. In this appendix we review how a quantum formulation of linear elasticity can be obtained through canonical quantization, based on the concept of phononic eigenmodes. Subsequently, we discuss the phononic eigenmodes of a nanofiber.
Quantum Elastodynamics
Consider an elastic body in three dimensions. Within the framework of linear elasticity, its mechanical properties are described by the mass density ρ and the elasticity tensor C, both of which are in general position dependent. The elasticity tensor is of fourth order, with symmetries [59] . In case of a homogeneous elastic body, ρ and C are constant. If the body is isotropic, the elasticity tensor has the form [57, 59 ]
The two coefficients λ and µ are called Lamé parameters.
The mechanical properties of a homogeneous and isotropic body are thus described by three real numbers: ρ, λ, and µ. The density ρ and Lamé's second parameter µ are positive, while Lamé's first parameter λ may be negative [59] . An alternative, widespread parameterization uses Young's modulus E and the Poisson ratio ν:
The modulus is positive, as is the Poisson ratio for most materials [59] . The dynamics of the displacement field is governed by the equation of motion [57] [58] [59] 
where we have defined the differential operator D that acts on a vector field as
It is common to introduce the strain tensor S, describing deformations of the solid, and the stress tensor T , which characterizes the forces needed to effect this strain:
Note that both strain and stress tensor are symmetric,
It is necessary to specify boundary conditions in order to obtain a unique solution given initial conditions [59] . For a body that is not subject to external forces, these are of Neumann-type and state that on the surface of the body, the stress vanishes in direction n normal to the surface: T n = 0.
We are interested in quantizing the vibrations of a forcefree, homogeneous, and isotropic elastic body. We start from the Lagrange density L = ρu 2 /2 − ij S ij T ij /2, which yields the correct equations of motion. The canonical conjugate momentum is then π = ρu, and the resulting classical Hamilton functional can be expressed as
where B is the volume of the body [97] .
To proceed, we introduce phononic eigenmodes w γ with eigenfrequencies ω γ as solutions of the eigenvalue equation
together with the boundary conditions for a force-free body. The eigenmodes are labeled using a multi-index γ which may contain both discrete and continuous indices. Since (−D) is self-adjoint [98] , eigenmode solutions form an orthogonal basis for the space of admissible displacement fields, and can be normalized according to
Any solution to the equation of motion eq. (C3) can then be expressed as a linear combination of eigenmodes,
with coefficients β γ ∈ C determined by the initial conditions. Canonical quantization amounts to turning every eigenmode into a bosonic mode with ladder operatorsb γ andb † γ that satisfy canonical commutation relations,
The displacement field and its conjugate momentum are promoted to field operators with mode expansionŝ
Here, U γ ≡ /2ρω γ and Π γ ≡ ρω γ /2 are the mode densities. The Hamiltonian takes the form
where we set the energy of the ground state to zero. Since strain plays an important role in the atom-phonon interaction discussed in appendix D, we introduce the tensorial strain modal fields s γ with components
such that the strain operator can be expressed aŝ
Phononic Fiber Eigenmodes
We now consider vibrations of a nanofiber, modeled as a homogeneous and isotropic cylinder of radius R and of infinite length along the z-axis. In the following, we summarize the resulting phononic eigenmodes and frequency equations. Details on the derivation can be found in [57, 58, 99, 100] .
Solving the eigenvalue equation eq. (C6) in cylindrical coordinates leads to phononic eigenmodes and corresponding strain modal fields of the form
in close analogy to the photon modes eq. (A9). Here, p ∈ R is the propagation constant and j ∈ Z the azimuthal order. Mode quadruplets (±j, ±p) are degenerate fig. 5a ). Solid dots mark intersections of phonon bands with either sound line. in eigenfrequency ω γ . Since phonon modes are radially confined by the finite fiber radius, there is only a discrete set of frequencies ω γ admissible for each (j, p), analogous to the case of guided photonic fiber modes. The eigenfrequencies ω γ (p) form discrete bands in the (p, ω)-plane, see fig. 5 . We can therefore count radial excitations using a discrete band index n ∈ N, starting from n = 1 for the band of lowest frequency, and increasing in frequency with n. Since the propagation constant is the only continuous mode index, the orthonormality relation eq. (C7) reduces to a normalization condition for the radial partial waves:
Elastodynamics, unlike electrodynamics, allows for longitudinal in addition to transverse polarizations even in the absence of surfaces. In the nanofiber the presence of a surface forces these excitations to hybridize, forming eigenmodes that can have both transverse and longitudinal contributions. Transverse waves propagate with the transverse sound velocity c t , while longitudinal waves propagate with the longitudinal sound velocity c l which is typically larger than the transverse sound velocity:
.
The radial partial waves W γ have three contributions,
where A, B, C ∈ C are amplitudes. The components of the three vectorial terms W a , W b , and W c are listed in table XI. The form of the eigenmodes depends on the magnitude of the eigenfrequency ω γ compared to the longitudinal sound line ω l ≡ c l |p| and the transverse sound line ω t ≡ c t |p|. We will assume that c l > c t in the following discussion, as is the case for most materials. If this is not the case, the radial partial waves of eigenmodes are different from the ones given in this appendix.
The eigenmodes have to meet the boundary conditions discussed above to ensure a stress-free surface. In terms of the stress modal field
defined here using the strain modal field eq. (C11), the boundary conditions are t γ n = 0 at r = R. For the nanofiber, the exterior surface normal vector is n = e r . The stress modal field can be decomposed into partial
and the radial partial waves of the relevant components brought into the form 
giving rise to two independent mode families: torsional (T) modes with M ϕc = 0, and longitudinal (L) modes for which the determinant in eq. (C22) vanishes. For higher azimuthal excitations |j| ≥ 1, this is not the case, and there is only one family of flexural (F) modes.
Torsional modes can exist only above and on the transverse sound line ω t , see fig. 5a . Longitudinal and flexural modes, on the other hand, are hybrids of longitudinal and transverse waves, and exhibit different behavior depending on the magnitude of their frequency ω γ compared to the transverse sound line ω t and the longitudinal sound line ω l . In case the frequency lies above the longitudinal sound line, ω γ > ω l > ω t , both transverse and longitudinal excitations can propagate in the bulk of the cylinder, case eigenmode component frequency equation fig. 5a .
On the transverse sound line (ω γ = ω t ), the frequency equation is always satisfied, while it has no solution below the transverse sound line (ω γ < ω t ). The fundamental (i.e., lowest frequency) torsional band T 01 thus coincides with the transverse sound line. The radial partial wave of the strain modal field on the T 01 band has two non-zero components:
see table IX for definitions of the symbols. Longitudinal modes are characterized by j = 0 and the frequency equation
They have zero azimuthal displacement, w ϕ γ = 0, and are indeed largely longitudinal excitations similar to sound waves, but do have a small nonzero radial component, see figs. 6b and 6d. Longitudinal modes exist in the bulk, mixed, and surface mode sector, and cross both sound lines. The radial partial wave of the displacement field is given explicitly in table XIV for all five cases. These expressions hold as long as M ϕc = 0 (i.e., provided the mode is not located at a crossing with a torsional band). 
Table XII. Fiber eigenmodes: terms in the radial partial wave T γ of the stress modal field in eq. (C19). The terms are evaluated on the fiber surface (r = R), and correspond to the matrix elements of M in the boundary condition eq. (C20) and frequency equation eq. (C21). All remaining quantities are defined in table IX. 
Table XIV. Longitudinal (L) fiber eigenmodes: non-zero components of the radial partial wave of the displacement eigenmode. The amplitude A ∈ C can be obtained from the normalization condition eq. (C14), all other quantities are defined in table IX. These expressions are valid as long as M ϕc = 0, that is, away from intersections with torsional bands. Otherwise, the displacement eigenmode can be obtained from the general expressions in table XI in conjunction with eq. (C20). case frequency equation fig. 5b . The fundamental longitudinal band L 01 lies in the mixed mode sector in the low frequency limit. In this case, the radial partial wave of the strain modal field has components
while the remaining independent components vanish. Refer to table IX for definitions of the symbols. Flexural modes appear for azimuthal orders |j| ≥ 0. In this case, the frequency equation eq. (C21) does not in general factorize. There is then only one family of flexural modes, with a displacement field specified in eqs. (C13) and (C16), as well as table XI. A flexural mode with azimuthal order |j| = 1 is shown in figs. 6c and 6e. The boundary conditions eq. (C20) enable us to relate two of the three amplitudes A, B, C to the third one. For instance,
and the remaining amplitude A is fixed by the normalization condition eq. (C14) [102] . The roots of the frequency equation det M = 0 with matrix components listed in table XII form bands F |j|n in the (p, ω)-plane. In figs. 5c and 5d, the F 1n and F 2n bands are shown. The fundamental flexural band F 01 lies in the surface mode sector. The radial partial waves of the strain modal field in this case are listed in table XIII.
In summary, we can label the phononic eigenmodes of a fiber with indices
Following the conventions used for photonic fiber eigenmodes, we will label the different phonon bands by their mode indices as f |j|n . At azimuthal order j = 0, there are then T 0n and L 0n bands, shown in figs. 5a and 5b. At azimuthal order |j| ≥ 1, there are F |j|n bands, plotted in figs. 5c and 5d for |j| = 1, 2. Figure 5 shows that there are three fundamental bands without a finite minimum frequency: L 01 , T 01 , and F 11 . Nanofiber-based cold atom traps have trap frequencies on the order of 100 kHz [5, 9, 24, 73] as discussed in section II, so only modes on the fundamental bands can resonantly couple to the atoms for typical parameters of the nanofiber. The fundamental bands are therefore of special importance in this article, and we provide approximate expressions for the dispersion relations and displacement fields in the low frequency limit. The band T 01 (see fig. 5a ) lies on the transverse sound line and is thus given by the dispersion relation
The only non-zero component of the displacement eigenmode, normalized according to eq. (C14), is
The displacement induced by a T 01 mode is shown in fig. 6a . The band L 01 (see fig. 5b ) lies in the mixed mode sector for low frequencies. The exact dispersion relation is the solution to the transcendental Pochhammer equation given in table XV. It has the linear asymptote
with an effective, hybrid speed of sound
The components of the normalized radial partial waves, approximated to linear order in pr 1 for wavelengths much larger than the fiber radius, are
while the azimuthal component vanishes. A L 01 mode is plotted in figs. 6b and 6d. The band F 11 (see fig. 5c ) lies in the surface mode sector. It derives from the frequency equation eq. (C21). Close to the origin, the band has a quadratic asymptote:
The density of states therefore diverges as p → 0, which leads to a strong coupling between F 11 modes and trapped atoms, as discussed in section II. The normalized radial partial waves are
to linear order in pr. Figures 6c and 6e show the displacement caused by a F 11 mode.
As discussed in section II, there is experimental evidence that low-frequency T 01 modes are reflected at the tapered ends of the nanofiber, resulting in standing waves confined to the nanofiber region and discrete mechanical resonance frequencies. Likewise, we are interested in F 11 modes confined to the nanofiber as a way of reducing the atom heating. In order to obtain the corresponding phononic eigenmodes, it is in principle necessary to account for the two tapers that connect the nanofiber region to the regular macroscopic glass fiber, and to solve the phononic eigenmode equation for this more complex geometry [33, 76] . Here, we approximate the desired behavior by imposing periodic boundary conditions on the eigenmodes of an infinite cylinder, and require the displacement to vanish at the beginning (z = 0) and the end of the nanofiber (z = L). This condition can be met for all three fundamental modes when approximating the radial partial waves eqs. (C32) and (C34) to constant order in pr, which is a good approximation for a nanofiber, compare fig. 6 . The resulting eigenmodes and corresponding strain modal fields are then of the form
instead of eq. (C13), where L is the length of the nanofiber. Torsional resonances in particular appear at
The propagation constant can only take the discrete values
which form a subset of each fundamental band. The normalization condition eq. (C14) for the radial partial waves is unchanged.
Appendix D: Atom-Phonon Interaction
There are two mechanisms that lead to atom-phonon interaction, as discussed in section I of this article: displacement coupling (dp) and strain coupling (st). In consequence, the coupling functions g γ (r) appearing in the interaction Hamiltonian eq. (8), as well as the coupling constants g γi appearing in the linear-force interaction Hamiltonian eq. (9) have two contributions:
(D1)
In sections D 1 and D 2 of this appendix, we model the dependence of the potential V experienced by the atom on displacement u and strain S in the case of a two-color nanofiber-based atom trap. This model then enables us to derive explicit expressions for the coupling functions and the atom-phonon coupling constants. Section D 3 provides additional details on how to calculate phononinduced atom heating rates once the coupling constants are known.
Displacement Coupling
Only modes on the three fundamental phonon bands T 01 , L 01 , and F 11 of the nanofiber, introduced in appendix C 2, have frequencies comparable to those of an atom moving in a nanofiber-based trap, and will therefore interact significantly with the atom. Modes on the longitudinal L 01 band and on the flexural F 11 band lead to a displacement of the surface at first order in u. Modes on the torsional T 01 band ( fig. 6a ) lead to a change of the fiber radius of second order, because u is orthogonal to the surface normal. In consequence, only the longitudinal and flexural modes will interact with the atom through displacement coupling in the linearized Hamiltonian eq. (7).
The L 01 modes ( fig. 6b ) lead to a z-dependent modulation of the fiber radius by the radial displacement on the fiber surface u r (r = R, z), without displacing the fiber axis. The change in radius has two effects: First, it shifts the surface of the fiber together with the electromagnetic fields surrounding it relative to the trapped atom. Second, it leads to new photonic eigenmodes and therefore deforms the electromagnetic fields. As discussed in section I, we neglect the second effect and assume that both optical and surface potentials are shifted radially by u r (R, z)e r without being deformed.
The F 11 modes ( fig. 6c ) displace the entire fiber crosssection in the plane orthogonal to the fiber axis by u r (R, ϕ, z)e r + u ϕ (R, ϕ, z)e ϕ , without changing the fiber radius. Since the wavelengths of the relevant vibrations are much larger than the optical wavelengths, the fiber appears approximately unchanged on length scales relevant for the photon modes. We can therefore again neglect deformations of the photon eigenmodes and model the effect of the flexural mode as a displacement of the entire potential along with the fiber cross-section.
The effect of the fundamental modes is thus to shift the potential at position r by a vector ∆u(r) that depends on the phonon field on the fiber surface. The direct dependence of the potential on the displacement can then be modeled as [64] 
The entire potential is shifted due to displacement of the fiber surface, in addition to any changes to the potential that arise from the strain S caused by displacement inside the fiber. This model allows us to evaluate the displacement coupling term in eq. (7): The functional derivative reduces to conventional partial derivatives of the unperturbed potential V 0 , and
By expanding the displacement field in terms of the fiber eigenmodes, see eq. (C9), the shifts due to the fundamental phonon modes can be summarized as
Here, U γ is the displacement mode density, and w γ the phonon eigenmodes eq. (C13). The Kronecker symbol δ f F selects the flexural mode family f = F. This equation holds for all three fundamental bands since w r (r) = w ϕ (r) = 0 for torsional modes. The resulting displacement coupling function in eqs. (8) and (D1) is g dp
The corresponding displacement coupling constants for nanofiber-trapped atoms obtained from eqs. (10) and (D5) are g dp
are the displacement modal fields evaluated on the fiber surface. Note that the model only predicts coupling between phonons and the axial motion of the atom if ω ϕz = 0 or ω ϕz = 0, that is, if the potential has symmetries misaligned with the cylindrical coordinate axes. We can derive explicit expressions for the displacement coupling constants by using the approximate expressions for the displacement field of modes on the fundamental phonon bands L 01 and F 11 given in appendix C 2. In case the cross-couplings ω ij are negligible, the coupling constant of the radial atomic motion to a L 01 phonon mode eq. (C32) of frequency ω γ is |g dp
and there is no coupling to the azimuthal and axial motion, g dp Lϕ = g dp Lz = 0. The coupling constant of the radial and azimuthal motion to a F 11 phonon mode eq. (C34) is |g dp
and there is no coupling to the axial motion, g dp Fz = 0. The model eq. (D2) relies on the simple geometrical shape of the nanofiber and the symmetries of its fundamental mechanical modes. Nanophotonic structures that have more complex geometries in general require a more careful analysis of the change of optical and dispersion potentials. The variation of the optical potential, for instance, can be modeled more generally by perturbatively calculating the new photonic eigenmodes in the presence of shifted boundaries of the nanostructure [63] . We choose a similar approach in the next section to obtain the perturbed eigenmodes in the presence of a modified permittivity but unchanged boundaries.
Strain Coupling
All three fundamental phonon bands T 01 , L 01 , and F 11 of the nanofiber induce strain in the fiber. In order to evaluate the strain coupling term δV (0, 0) [S] in eq. (7), we model how each phonon mode changes the potential through the strain it causes. We neglect the influence of strain on the surface forces, δ S V ad (0,0) [S] = 0, as discussed in section I. The strain-dependence then arises only from changes of the red-and blue-detuned optical potentials. A non-zero strain changes the electromagnetic properties of the fiber due to the photoelastic effect, which we model through a strain-dependent permittivity tensor
[S] [33, 65, 66, 103] . A modified permittivity leads to new photonic eigenmodes and electric modal fieldsē η [¯ ] , and therefore to modified electric fieldsĒ 0 [{ē η }] surrounding the fiber. In consequence, the optical potential V The photoelastic effect can be quantified by a tensor P of fourth rank, called photoelastic tensor, which phenomenologically describes how the optical properties of a material change under strain [65] :
where the exponent (−1) indicates the inverse tensor.
The photoelastic tensor has symmetries P ijkl = P jikl = P ijlk and therefore possesses at most 36 independent components [65] . We use a compact index notation to group the first pair of indices ij ≡ (N ) and the second pair of indices kl ≡ (M ) according to 11 ≡ (1), 22 ≡ (2), 33 ≡ (3), 12, 21 ≡ (4), 13, 31 ≡ (5), and 23, 32 ≡ (6). The independent components can then be arranged in a 6 × 6 matrix (P ), where N corresponds to the row and M to the column number. For materials like silica that exhibit a homogeneous and isotropic photoelastic effect, the components of the photoelasticity tensor P in both cartesian and cylindrical coordinates are [104] 
where P 1 , P 2 ∈ R and P 3 = (P 1 − P 2 )/2. We are interested in the strain-induced variation ∆ ≡ [S] − of the permittivity tensor. To linear order in the strain,
for a medium that is isotropic while unperturbed, = 1.
The new photonic eigenmodesā η [¯ ] in the presence of a modified permittivity¯ are solutions to the photonic eigenmode equation
compare eq. (A3), whered η =ω 2 η /c 2 andω η are the frequencies of the perturbed eigenmodes. We are interested in the new eigenmodesā η and eigenvaluesd η in the presence of a perturbation ∆ of the permittivity tensor. To this end, we perturbatively expand both eigenmodes and eigenvalues in orders n of ∆ , analogous to timeindependent perturbation theory in quantum mechanics [105] 
The normalization constant c ∈ C is found by normalizing the perturbed eigenmodeā η . This expansion, in conjunction with eq. (D13) and the orthogonality relation eq. (A4), leads to the relations
and
for the corrections to eigenvalues and eigenmodes. The bracket indicates the L 2 scalar product,
Eq. (D17) holds provided the perturbed eigenmodē a η does not overlap with modes a η degenerate with the unperturbed mode a η , that is,
The corrections ∆d η and ∆a η can be obtained order by order in ∆ . The first-order correction to the eigenvalue is
which reduces to the known formula for first-order corrections of the eigenfrequency in case of isotropic permittivities ,¯ [79] . The first-order correction to the eigenmode is
where we have used that c = 1 + O(∆ ) [105] .
In the case study in section II of this article, we are concerned with the case = 1. The first-order correction to the eigenvalue then simplifies to
Moreover, one can show that the first-order shift is zero for perturbations of the permittivity caused by nanofiber phonons of propagation constant p = 0, so
Consider for example a mode on the HE 11 band of a fiber, see fig. 3b . Fiber phonon modes with azimuthal order j = 0 lead to the population of photon modes on the same band, at slightly different propagation constants k. Phonon modes with azimuthal order j = ±1, on the other hand, can populate modes on the TE 01 , TM 01 , and HE 21 bands shown figs. 3a and 3c. We neglect coupling to radiative modes (leading to phonon-induced transmission losses), since radiative fields are extended, with low amplitudes, and will interact only very weakly with the atom.
Having obtained the first-order correction to the photonic eigenmodes, we can now approximate variation ∆e η of the electric modal field due to the modified permittivity. Using eq. (A6),
η / 0 to linear order in the permittivity. The variation of the electric modal field is thus
for nanofiber eigenmodes.
The light coupled into the fiber determines the frequencies at which photonic modes are populated. Since there are no frequency shifts of the eigenmodes at first order in ∆ , we can assume that the amplitude α η of each photonic mode remains unchanged, while its spatial formē η is periodically modified by the vibrations. The modified complex field profile of a monochromatic light field is thereforeĒ
To linear order in the modal fields, the variation of the field profile
The changed electric fields lead to a changed optical potential V . We can now use the chain rule to express the strain coupling term in the interaction Hamiltonian eq. (7) through the derivative of the optical potential with respect to the electric fields [106] :
Each optical potential is the sum of scalar, vector, and tensor light shift, see eq. (B4). Thus,
where j ∈ {s, v, t} for the scalar, vector, and tensor contributions given in eqs. (B5), (B6) and (B8). The functional derivatives of the light shifts reduce to conventional derivatives. For each of the two colors, the derivative of the scalar light shift is
and the derivative of the tensor light shift
Finally, the strain coupling functions g st γ (r) are obtained by making the dependence on strain explicit in eqs. (D28) to (D30), and by expanding the strain operator eq. (C12) in terms of the strain modal fields s γ of a nanofiber. The strain coupling function then has contributions from the three light shifts j ∈ {s, v, t} for both light colors {r, b}:
The contributions of the three light shifts to the coupling functions are listed in table XVI for a monochromatic light field. Note that the difference between running waves eq. (C13) and standing waves eq. (C35) leads to different coupling functions for discrete modes on the T 01 band on one hand, and modes on the continuous L 01 and F 11 bands on the other hand. The corresponding strain coupling constants g st γi are obtained using the definition eq. (10) .
To conclude the derivation of the strain coupling, let us illustrate the strain-induced change of the potential due to the photoelastic effect. To first order, the change is given by the strain coupling term δ S V (0,0) [Ŝ](r). We consider the nanofiber to undergo macroscopic vibrations, described by the multimode coherent state |β with amplitudes β γ = |β γ |e iφγ ∈ C for each mode. The expectation value of the change caused by strain is then
The coupling function g st γ (r) therefore describes the change to the potential V due to a phonon mode γ. We plot V 0 (r) + 2β γ Re g st γ (r) in fig. 7 as an example of how strain due to a single torsional mode γ perturbs the potential. The torsional mode qualitatively leads to rotation Table XVI . Atom-phonon coupling functions due to strain in a nanofiber-based atom trap. The coupling functions correspond to scalar, vector, and tensor light shift induced by a single monochromatic light field of frequency ω0 and complex field profile E0. All symbols are defined in appendices A, C and D. In particular, the photon mode indices are η = (m, f, k, n) as defined in eq. (A15), and the phonon mode indices γ = (j, f, p, n) as defined in eq. (C27). The index η designates an unperturbed eigenmode, while the primed index η labels modes perturbatively populated due to strain.
of the potential around the fiber axis, which results in a coupling between the torsional mode and the atom motion in azimuthal and radial direction.
Atom Heating
Let us consider an atom trapped in the optical nearfield of a nanofiber of temperature T . We assume that the atom is in the motional pure quantum ground stateμ 0 of the harmonic trap at time t = 0. At the same time, the phonon field of the fiber is in the thermal quantum statê [69] . Over time, the atom acquires energy by absorbing phonons from the fiber, reflected in the increase of the expected number of motional quanta (population) n i (t) ≡ tr[ρ(t)â † iâ i ] along the spatial direction i ∈ {r, ϕ, z}. Here,ρ(t) is the state operator of the coupled atom-phonon system at times t, and tr is the trace. The population is initially zero. The evolution ofρ(t) from the initial stateρ 0 =μ 0 ⊗σ th is governed by the full Hamiltonian eq. (1). Provided the atom-phonon coupling is weak, g γi ω i , ω γ , the population grows linearly for sufficiently short times t > 0, with phonon-induced ground state heating rate Γ th i in trap direction i. As discussed in section I, we distinguish the contributions of continuous phonon bands and discrete mechanical resonances to the atom heating rate,
Fermi's golden rule eq. (13) can be used to calculate the contribution of the continuous phonon bands. For a nanofiber, there are only two continuous phonon bands resonant with the trapped atom, the longitudinal L 01 band and the flexural F 11 band. In consequence,
The L 01 band has dispersion relation ω γ = c h |p| in the low frequency limit, see eq. (C30), resulting in a constant density of state ρ L ≡ 1/c h . There are two resonant longitudinal modes γ σz at each trap frequency ω i , with propagation constants p = σ z ω i /c h and σ z = ±. The contribution of longitudinal phonon modes to the ground state heating rate it thus Figure 7 . Potential V0(r) + 2βγ Re g st γ (r) perturbed by strain due to the single, coherently excited torsional mode γ of a nanofiber. The potential is evaluated at the trap minimum z0 close to the center of the nanofiber. The mode γ is the discrete torsional mode closest to resonance with the atom trap in azimuthal direction, see appendix E for the parameters. The amplitude βγ of the coherent excitation has been exaggerated to an unphysical value such that the effect is visible at the given scales. It is apparent that the torsional mode couples to the atomic motion both in radial and azimuthal direction. However, the contribution to the atom heating rate turns out to be negligible, see section II.
The F 11 band has dispersion relation ω γ = c h Rp 2 /2 in the low frequency limit, see eq. (C33), resulting in the density of states ρ Fi ≡ 1/ √ 2ω i c h R. There are four resonant flexural modes, propagating in direction σ z = ±, and of σ ϕ = ± circular polarization. The corresponding azimuthal order is j = σ ϕ σ z , and the propagation constant p = σ z 2ω i /c h R. The ground state heating rate due to the fundamental flexural phonon modes then simplifies to
The contribution of each mode γ i on the continuous phonon bands to the heating rate eq. (13) is proportional to the density of states ρ γi . Since the F 11 band is asymptotically quadratic, see fig. 5c , the density of states of the flexural modes diverges as ω i → 0. This dependence is reflected by Γ Fi ∝ 1/ √ ω i in eq. (D36). On the other hand, the density of states of the longitudinal modes is constant because the L 01 has a linear asymptote in the low-frequency limit, see fig. 5b . The effect of flexural modes is therefore enhanced in comparison with longitudinal modes for atom trap frequencies ω i that are small compared to the frequency scale of the phonon bands. Moreover, the contribution of strain coupling is negligible for flexural modes. Using the displacement coupling constants eq. (D9) in eq. (D36) yields the formula eq. (17) for the atom heating rate due to flexural modes, which is sufficient to explain heating rates observed in experiments, see section II. The discrete torsional modes are not reflected perfectly at the end of the nanofiber and therefore have a finite lifetime, corresponding to decay rates κ γ . This behavior can be modeled by including dissipation in the dynamics of the phonon field. The evolution of the density matrix ρ of the coupled atom-phonon system is then governed by the Master equation [68] 
with dissipator
Here, the sum runs over all discrete phonon modes γ, [· , ·] indicates the commutator, and {· , ·} the anticommutator. This model captures the essential features of the discrete phonon modes: The steady state of the phonon modes in the absence of atom-phonon interaction is a thermal stateσ th with thermal phonon occupationn γ for each mode [68] . Furthermore, if a phonon mode initially has occupation n 0 γ , it decays with rate κ γ back to the thermal phonon occupation, n γ (t) =n γ + (n 0 γ −n γ )e −κγ t . We are interested in the effective dynamics of the atom density operatorμ under the assumption that the phonons remain in a thermal state. The total density operator is then ρ(t) μ(t) ⊗σ th . Adiabatic elimination of the phonon degrees of freedom in the limit of weak coupling compared to the phonon decay rates and atom and phonon frequencies, κ γ , ω γ , ω i g γi , yields the master equation
for the motion of the atom [70, 71] . Here,Ĥ at contains a small Lamb shift of the trap frequencies that is not relevant to our discussion. The phonon-induced decay (−) and heating (+) rates are
If the atom is initially in the motional ground state and there is no cross-coupling between the motional directions (g ij = 0), the population of its motion in direction i evolves as n i (t) = n One approach to reducing the atom heating rate is to optimize the nanofiber such that flexural modes are also reflected at the its ends, see section II. The flexural eigenmodes then become standing waves eq. (C35) with frequency spectrum ω m , m ∈ N, given in eq. (18), and decay rates κ m . If the spacing between resonator frequencies is sufficiently large, the trap frequencies ω i can be detuned from resonance with the flexural modes, |ω i − ω m | κ m . The spacing of phonon frequencies close to the trap frequency is approximately 2
where ω 1 is the fundamental frequency of the resonator defined in eq. (18); the shorter the resonator and the larger the fiber radius, the easier it is to detune the trap from resonance. Provided the coupling rates g mi between phonon mode m and atomic motion in direction i ∈ {r, ϕ} are smaller than phonon decay rates κ m and atom and phonon frequencies, g mi κ m , ω m , ω i , the effective dynamics of the atom is described by a master equation of the form eq. (D39). The heating rate in radial and azimuthal direction due to flexural resonator modes of an atom at position z 0 is then 
and G ± mi as defined in eq. (D40). The atom heating rate due to flexural resonances eq. (D41) can be explicitly evaluated in different limiting cases, yielding the heating rates eqs. (19) to (21) discussed in section II.
Appendix E: Case Study Parameters
In nanofiber-based two-color atom traps, different combinations of linearly and circularly polarized trapping light fields are commonly used, both as propagating or standing waves [74] . In section E 1, we summarize the corresponding shapes of the electric field required for the atom heating case study in section II. In section E 2, we provide a listing of the parameters used in the case study, based on [26] .
Monochromatic Guided Fields
For each frequency ω on the HE |m|n and EH |m|n bands, there are four degenerate eigenmodes, propagating in positive (σ z = 1) or negative (σ z = −1) direction along the z-axis, and rotating with positive (σ ϕ = 1) or negative (σ ϕ = −1) orientation around the fiber axis. The corresponding propagation constant is k σ = σ z k with k > 0, and the azimuthal order m σ = σ z σ ϕ m with m > 0. The multi-index σ = (σ ϕ , σ z ) is used to distinguish the propagation and polarization state. Superposition of these four modes yields a monochromatic electromagnetic field E(r, t) = E 0 (r)e −iωt + c.c. 
B(r, t) = B
Here, I = S t · e z is light intensity in direction e z , and S t = 2 Re [E 0 (r) × B * 0 (r)] /µ 0 is the Poynting vector, averaged over an oscillation period. The star indicates the complex conjugate, and µ 0 is the vacuum permeability.
A light field rotating with orientation σ ϕ around the fiber axis and propagating in direction σ z e z is realized by the amplitudes
where α ∈ R, and θ ∈ R is the overall phase of the wave. We have included a factor of 2π and the sign (σ ϕ σ z ) m for later convenience. The field profile and resulting electric field are given by case (1) 
and the resulting electric field is given by case (2) Table XVII . Electric fields of monochromatic waves of frequency ω on the HE |m|n and EH |m|n bands. The sign σz indicates the propagation direction along the fiber axis, the sign σϕ the rotation direction around the axis. The propagation constant is kσ = σzk with k > 0, the azimuthal order mσ = σϕσzm with m > 0, and the amplitude α ∈ R is determined by the transmitted power. The quantities θ, θϕ, θz ∈ R are phases explained in the text. 
The phase θ z ∈ R determines the position of nodes of the standing wave along the fiber axis. The electric field is given by case (3) in table XVII. The power transmitted along the fiber axis vanishes, but each counterpropagating wave has again power 2P as given in eq. (E5).
Physical Parameters
In table XVIII we list the parameters used in the case study section II based on the setup described in [26] . Citations are given in square brackets, references to equations used to calculate dependent parameters in parentheses. A star indicates that a parameter depends on previously chosen parameters.
The mechanical properties of the silica fiber are determined by the choice of material. The frequencies of the discrete torsional modes confined to the nanofiber are determined experimentally, as described in section II. The (effective) length L of the nanofiber for torsional modes is inferred from the measured frequency ω T of the fundamental torsional mode using eq. (C28):
The optical properties of the fiber are determined by permittivity and radius. The power of the red-detuned field quoted below corresponds to each beam separately. The coordinate system is chosen such that the red-detuned laser beam is polarized along the x-axis. This is reflected in the choice of azimuthal phase shifts θ ϕ . Moreover, the axial phase shift θ z is chosen such that there is a trapping site at z = L/2 in the middle of the fiber. The magnetic offset field B ext is oriented perpendicular to the fiber axis, along fig. 4 is slightly shifted away from the x-axis by vector light shifts due to the orientation of the magnetic offset field.
